
m

?“

i

NATIONALADVISORYCOMMITTEE
FORAERONAUTICS

THEORETICALAND

GUSTLOADS.

TECHNICAL NOTE 3879

EXPERIMENTALINVESTIGATIONOFRANDOM

PARTII - THEORETICAL

OFATMOSPHERICGUSTRESPONSE

By A. S.

Massachusetts

Richardson,Jr.

Washington
May1957

FORMULATION

PROBLEM

of Technology

fin pp
.4 v



TECHLIBRARYKAFB,NM

M
NATIONALADVISORYC~EE

.

m

FORAERONAUTIC
Illl[lllllllllllllllllljlil

cloL7n511

THEORETICALAND

GUSTLOADS.

TECHNICALNOTE3879

lZXf?~AL INVESTIGATIONOFlMNIXM

PAIWII- THEORETICALFORMULATION

OFATMOSPHERICGUSTRESPONSEPROBLEM

By A. S.Richardson,Jr.

SWMAJ3Y

Equationsofmotionarederivedfor
crafttorandomatmosphericgustloads.

the dynamicresponseof
Theseeuuationsinclude

an air-
the

degreesof freedomofplunging,pitching,ro3.lin&andan srbitrsrynum-
berofelasticnormalmcdes.Solutionsoftheseequationsszeexpressed
intermsof a numberof so-calledprimitivesolutionsobtainableby intro-
ducingtheDiracdeltafiction. Thesolutionsforcenter-of-gravity
accelerationresponseandwing-rootbending-momentresponsedependupon
certainautocorrel.ationssndcrosscorrelationswhichentertheanalysis.

. Resultsforsimplifiedcasesshowthatunsteadyaerodynamictheory1s
notimportsntforincreasinglylargevaluesoftheturbulencescalecom-
paredwithvaluesofthewingchord.However,thepitchingdegreeof

r freedomexhibitsan importanteffectastheturbulencescaleincreases.
Theresultsarealsocomparedtiththeresultsoftheusualsharp-edged-
gustformula.

INTRODUCTION

Thesubjectof aircraftgustloadshasbeensttiiedby theoreticians
sndexperimentalistsformanyyears.It isoneoftheprincipalconsid-
erationsinthedesignofbothmilitaryandcommercialaircraft;thatis,
airworthinessrequirementsforsdltypesofaircraftincludegust-load
criteria.Thesecriteriainallcasessxebasedonthesharp-edged-gust
formuladevelopedbyRhodein1931(ref.1) andinmostcasestakeinto
accounttheeffectsofgustalleviationduetorigid-tidymotion.

Theengineer’sunderstandingofthegust-loadproblemhassteadily
increasedovertheyearsthroughbasicresearchinvestigationandopera-
tionalexperience.Foremostamongtheseinvestigationsistheworkcsrried
outbytheNationalAdvisoryCommitteeforAeronautics.A greatbodyof
experimental.dataisnowavailableto engineersandaircraftdesigners
throughtheseresearchefforts.I@ortantstatisticalinformationrelating
topeakgustloadsexperiencedby aircraftofvarioustypessubjectto
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atmosphericgustsinveJ?ioustypesofatmosphericsndtopographical
environmenthasbeencollectedbyVGHrecorders(ref.2). Suchinforma-
tionmaybeusedto determinetheprobabilitydensitydistributionof

x

peakgustloeikas a functionof airspeed,altitude,andseveralhportant
aircraftparameters.

Morerecently,importantinformationhasbecomeavailableonthe
guststructureintheatmospherethroughtheapplicationof generalized
hsrmonicsnalysis(refs.3 and4). Thistypeof analysishasbeenused
topredictgustloads.In additiontotheseanalyses,whichwe inthe
natureof appliedresearch,morebasictheoreticalinvestigationswhich
beardirectlyonthegust-loadsproblemmaybe cited.Forexemple,
recentpapersbyLiepmann(refs.~ and6) andFung(ref.7) areamong
theimportantcontributionstothepresentstateofknowledge.

A fundamentalaspectofalloftheseinvestigationsisthenecessity
forgivingtheguststructurea mathematicalformconvenientforinclusion
ina rationalsmalysisofgustloads.Unfortunately,thisisstilla weak
mea whichcanbe strengthenedonlyby continuedexperimental.andtheoret-
icalinvestigation.Inthisconnectioneffectimuseofturbulencetheo-
riesmayprovetobe veryfruitful.Certainly,theproblemof atmospheric
turbulencebearstooclosea resemblancetomanyoftheturbulenceprob-
lemsinaeronauticsalreadysttiedto be ignored.It iswelllmown,of
course,thatmanyoftheselatter*~classical”problemssrefarfrombeing
solved.Indeed,thesubjectofturbulenceingeneralhasstimulatedsome
ofthekeenestintellectsinhistoricaltimes,yetmanysreasofthetur-
bulenceproblemremainunconquered.

--

?

InthepresentreporttheconceptsderivedbyLiepmannandFungare
extendedto includethecomplicationsintroducedby a m~ti-degree-of-
freedomsystem,theairplane.In somerespectstheanalysispsmllels
theworkofMederich(ref.8). Relatedexperimentalinvestigationsme
reportedinreferences9 and10.

ThisworkwasconductedattheMassachusettsInstituteofTechnology
underthesponsorshipendwiththefinancialassistanceoftheNACA.

SYMBOLS

Ar(x,y) mciieshapeofrthnormalmode,positiveup

b wingsemispsn

bc wingsemichord

C(k) Theodorsenfunction ,
.
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liftcoefficient

section13ft-curveslope

chordofwingat station

externalworkofapplied

internalstrainenergy

ofwingat stationy

Y

forces

generalizedstiffnesswatrix

forcing-function

tiagonalelement

systemfunction

matrix

of [1FJJ

pitchrsdiusof ~ation referredtowingsemichord

reducedfrequency,ab=/U

integralscaleofturbulence

liftonthewingatpoint(x)y)

distancetraveledinarbitrarytimeinterval,Ut

taillengthmeasuredfromairplsne

distancebetweenwingmidchordand
of symmetry

totalnumberofmodes

massof airplane

bendingmoment

generalizedmass,

transferfunction

J’dmAr(x,y)s’

centerofgravity

tailmidchordinplane



4 NACATN 3879

[1m
N

P

Ptt

P

@(x,y,t)

r,s

s

s’

T

t

u

V=; +X6+

v

w

T?

w’

x)Y

massmatrix

numberofgeneralizedcoordinates

velocitypotential

%’P/&2

pressure

pressuredifferenceatpoint(X,y)jpositivewhenitpro-
duceslift

generalizedcoordinate

dynamicpressure

ratioofhorizontaltailareatowingarea

normalmodes(subscriptorsuperscript)

totalwingarea

projectionof airplaneplanforminxy-plane

kineticenergyofairplane

time

meanforwardspeedofaiq$bne

y?+~ 4(x,Y)l+r
r

crossflow

stochasticfunctionwithzeromeanvalue

gustvelocity

root-mean-squereintensityofturbulence

coordinatesystemyx positive.forward,
rightwing

y positivealong
.

.
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Z,y
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coordinatesofmidchord

coordinatesofthree-quarterchord ,

coordinatesof qusrterchord

verticaldisplacementof centerofgravityofrigidair-
planerelativeto averageposition,positiveup

angleof attack

equivalentgustangleof attack

aerodynamicmatrices

sweepangle

unspecifiedmat~ix

unitimpulse

controlangle

integrationvariable(streamwise)

integrationvariable(spanWise)

modeshapefortwistedsurfacewhichisrigidchordwise

angulardisplacementaboutcenterofgravityofrigidati-
plsne,positivenoseup

airplanerelativedensity

spanwiseweightingfunction

bending-momentcoefficientsfor r,s normalmodes

generalizeddependentvariable

integrationvariable(streaundse)

displacementof r,s normalmodes,

airmassdensity

standarddeviation

positiveup
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y(t)

u.)
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integrationvsriable(the)

powerspectraldensity

bankangleofrigidairplane,positiverightwingup

correlationfunction

correlationinterval(distance)

KHssnerfunction

~ frequency

natural(angulsr)frequencyofrthnormalmode

derivativeswithrespecttotime
,

derivativeswithrespecttodistance(measuredalong
x-axis)

average

DERIVATIONOFDYNAMICALEQUATIONSOFMOTION

.

.

.

.

Theproblemofaircraftresponseto atmosphericturbulence(gust
response)willbe consideredina rathergeneral.mannerinordertobring
outsomeoftheimportantfeaturesoftheproblem.Thesnalysisisset
up onthebasisoffamiliardynamicalprinciplesandis carriedthrough
asfsxaspossiblewithoutintroducingstatisticalconcepts.However,
a certainpointisreachedintheanalysis,whensolutionsto theequ-
tionsofmotionsredesired,wheretheintroductionof statisticalcon-
ceptsbecomesmandatoryiftheanalysisisto continue.Theseconcepts
ae thenbroughtintotheanalysisandthefinalsolutionisobtained.
Theanalysisiscsxriedoutthiswayinorderto showthata solutionto
theproblemdependsupontheproperuseoffemilisrdynamicalenalysis
principlesaswellasuponstatisticalanalyticaltools. —.

Theproblemmaybeformulatedbyrequiringthatthe“responset’of u
aircraftflyingtithvelocityU throughturbulentairisto bedeter-
mined.Theparticularresponseof interestmaybetheacceleration,veloc-
ity,displacement,bendingmoment,sheer,stress,andsoforthatany
arbitrsxypointoftheaircraftstructure.

Thesnalysiswillincludethreerigid-bodydegreesof freedom,heawlng, -
pitching,androlling(z, .9,md #,respectively),andsmunspecified
numberofelasticdegreesoffreedom(~r where
definedbytheprincipalvibration
analysisis constructedfornormal
by Ar(x,y)(fig.1).

modesofthe
modesofthe

r = 1, 2, 3, . . ●) .
aircraft;thatis,the
entireaircraftdefined
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UseismadeofLagrange’sequationto establishtheequationsof
motionforthesystem,forsmallperturbatio~fromequilibrium,namely
(ref.Xl_):

()d~ a% aEe
——
dt at ‘F=~

Thekineticenergyis

T;=- J’V2alr.1
s’

Thus,

where

v= ;+x&+ y@+I Ar(x~y)~r
r

Theinternalstrainenergyis (ref.12)
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Thepotential

[~=Js z

energyoftheexternalforcesis

+ ‘x+ ‘+~%(x’’)’d ‘(’’”t) * b

.

r

Thepressuredifferenceactingontheaircraft@(x,y,t) containstwo
distinctcontributions.Thefirstpartisduetodisturbancesofthe
fieldcauseddirectlybymotionsoftheaircraft.Thispartmaybe cor.
rectlyaccountedforby solutionofthewaveequationwithappropriate
boundaryconditions(ref.12)

‘#P= Pt~

Theotherpartisduetodisturbancesoriginatingelsewhereinthefluid
(usuallyatgreatdistancefromtheaircr~t)and,forincompressible
flow,canbedescribedbytheNatier-Stokesequations(ref.13,p. 215)

—

Theremayappeartobe a contradictionintheabovediscussion,
namely,thatmotioneffectsaredeterminedfromperfect-fluidconsidera-
tionsthroughtheconceptofa velocitypotential,whilethedisturbance
effectsmaybeduetoturbulence,which,ingeneral,cannotbe described
by a velocitypotential.However,thescaleoftheturbulencewhichis
importantfortheaircraftgustproblemislargeenoughsothatviscous
effectsmaybeneglected;thatis,viscosityisassociatedwiththevery
smaXleddiesinthefluid.Withviscositythuseliminated,thereisno
contradiction.

Solutionoftheproblemasoutltiedforthecaseofa turbulentflow
superposedonuniformpotentialflowisenextremelydifficultundertaking
eveninincompressibleflow.Inorderto gainfurtherInsightintothe
problem,therefore,itseemshighlydesirabletomakesomesimplifying
assumptions.

Of alltheparameterswhichentertheNavier-Stokesequation,nsmely,
pressure,density,velocity,endviscosity,itmaybe aasumedthat,so
f= asthepresentapplicationis concerned,velocityplaysthedominant

.

role.Furthermore,sinceinterestiscent&reduponaircraftresponsein
.
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.
thethreerigid-bodym~es ofheaving,pitching,
numberofelasticmodes,allcomponentsoffluid

9

sndro?tigendin a
welocityexcept.that

- ~ Thus,whichispsmil.lelto theinitialZ-AS maybe safelydiscsrded.
thesignificantpartoftheproblemreducesto thatoffindinga satisfac-
torydescriptionof onecomponentof velocity,nsmely,w. Forsmallper-
turbationsonecanconsideranequivalentangleof attackw/U= ~. The
reasoningherecanbetie generalinthesensethatitcsnbe appliedto
incompressibleandcompressibleflowalike.It shouldbementionedthat
theeliminationoftheeffectofthestatit-pressureinfluenceinthe
disturbancefieldisnotcompletelystraightforward,butit simplifies
theproblemconsiderably.

Theinfluenceofthemotionoftheaircraft,asmentionedpreviously,
canbe hsndledas a straightforwsrdprobleminunsteadypotentialflow;
thisisverytedious,however,especiddyif aid.boundaryconditionssze
correctlyincludedintheanalysis.It isusualtomakesomeshplifying
assumptionsherealso.

If itisdecidedthatstructuralresponseisofprimsryinterest,
forexemple,bendingmomentor shear,it isconvenientto considersim-
plifybgtheaerodynamicspictureasmuchasis consistentwiththedesired
accuracy.Thisisparticularlydestiableina statisticalanalysis,which
canbeccmeunwieldyforeventhesimplestofproblems.

To showhowthestatisticslpicturecamgetcomplicated,consider
thefactorsthatwouldbe titroducedby includingan sdditionalcomponent
of velocityintheanalysis,saythecrossflow v. Thismeansthatinstesd
of “one-component”turbulenceasgivenby theperturbationw, another
vectorqmt ity v hasbeenaddedandaccordingly“two-component’~turbu-
lencemustbe considered.Thismeansthatadditionalstatisticalquanti-
tiesarebroughtintothe_sis. Importantstatisticalparameterssuch
asprobabilityfunctions,correlationfunctions,andspectrawouldhave
to reflectthisfact. Inthegeneralcaseoftwo-componentturbulence,
thecorrelationtensorRji(~) wouldcontainfourterms.Thismaybe
comparedwitha singleq=tity R~(~) intherelativelysimplecase
of one-componentturbulence.Theprobabilityy fmctionsfortwo-component
turbulencearecorrespondinglymoredifficulttodetermine,andthespectra
becomeetiremelydifficultto calculateinthegeneralcase.

Thesereflectionssddconsiderableweightto theargumentforsim-
plificationofthesnalysis.Indeed,itis a matterofpracticalinterest
thatsuchstiplificationsarea necessaryadjuncttokeepingthemathematics
withinreasonableproportions.

lNotethata smalleffectmaybe expectedbecauseof crossflowv
srisingontheverticaltailanda somewhatl.srgereffectof crossflow
forsweptwingsmaybe expected.However,theseeffectsof crossflm
areneglected.
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theequationsfromthispointrequiresa specifica-
aerodynsmictheory;namely,willtheunperturbed .

(steady)flowconditionsbe incompressible-orcompressibleand,-ifthe
latter,whatMachnumbercharacterizestheflow?‘Also,howd&s one
includetheaspect-ratioeffects?Therearea numberoftheorieswhich
affordsm approximatedescriptionof &(x,y,t).Thetheo~ whichis
usedwilldependlergelyuponthefree-flightMachnumberandtheplan
formofthewing. Inorderthatthepresentanalysismayhavea definite
frameworkwithinwhichtoproceed,thefollowingspecificationsaremade
regardingtheaerodynamictheory:

(1)Aerodynamicstriptheoryisusedforbothmotioneffectsand
gusteffects

(2)Quasi-steadyaerodynamictheoryforincompressibleflowisused
topredictallmotionforcesbyresolvingtheangleof attack
at 3/4chord

(3)Umteady-o_ic theoryforincompressibleflowisusedto
predictgustforces(laterintheanalysis,thiswillbe
modified)

(J)Forsimplicity,onlytheforcesonthewingandhorizontaltail
sreconsideredintheanalysis

Accordingto thefirststatement,theemalywismustbe restricted
tO aircraftof “lsrge”aspectratio,butitmayalsoincludesweptas
we~ as straightwings.Thesecondstatementrestrictstheanalysisto
flightconfigurationswhereallfree-bodymotions(includingthevibratory
modes)occurat lowvaluesofreducedfrequency,namely,k< 0.07;and,
of course,incompressibleflowrequties

Onthebasisoftheseassumptions

nb T -

thatthelkchn&ber be low.

E& maybewrittenas follows:

1

The lift forcesonthewing L(y,%,t)dy andonthetail
areassumedto be concentratedatthelocalquarter-chord
surfaces.

L*(y,%’)t)dy
pointsofthose

.

.
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Thereare
theforcesdue

two partsto L(y,%,t) and
tomotionandtheforcesdue

Il.

L’(y,X~,t),correspondingto
to turbulence.Theforces

duetomotionmaybe calculatedbyresolvingtheangleof attackatthe
three-quarter-chordpointas fol16ws(ref.U):2

Thedynsmicpressureisgiventhesymbol~ to distinguishit fromthe
generalizedcoordinateq. It isimportantto keepaccountof thecoordi-
natesinvolvedintheaboveexpressions;unprbedquantitiesreferto
wingcoordinateswhileprimedqmntitiesreferto tailc~rdinates,%,y
isthe10CSLcoordinateofthewingqusrterchord,and x,y isthelocal.
coordinateofthewingthree-quarberchord.Notethata newqpantityis
introducedinadditionto thenewcoordinates,thatis,thequantityGr
whichgivestheelastictwistofthewing(ortail)atthethree-quater-
chordpoint.

Theotherpartoftheaerodynamicforce,thatpartdueto turbulence,
maybe calculatedfromtherelations(ref.12)

f

m
L(y,*,t)g=3C(Y)CZa ;(t- T,y)~(T,y)dT

-m

J
‘9

L’(y,%’,t)g=~’c’(y)cza’ *’(t- T,y)~(T,y)dT
-w

2Notethateffectofthewingwakevm’ticityonthehorizontaltail
ishereneglectedforsimplicitysinceit isdebatablewhethermuchis
to be gainedby includingthiseffectb ananalysisofthiscomplexity.
Probablytheonlytimeit canbefuJJyjustifiediswhentailloadsor
tailstressesszeofprharyinterest.
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b theserelationsthespecificationsofthekernelfunction$ are
purposelyleftingeneraltermsinorderto avoidconi?usion.However,it .
maybe saidthatthisfunctionmusttakeintoaccountsweep,taper,smd
thefinitetimerequiredforthegustpatterntopassfromwingto tail.
XnthisconnectionitshouldbebroughtoutthatTaylor’shypothesisis
assumedvalidforthisanalysis;thatis,thegustfieldisregardedas
a “frozen”patternwhichdoesnotalterwithtimelocally,butrather
thetimedependenceis causedbytheuniformmotion(atvelocityU) of
theaircraft.Thismaybe expressedinsuccincttermsby statingmerely
that b~t = O inthefluid.

Thiscompletestheformulationoftheproblemstificientlyto allow
derivationofthedynsmicaleqwtionsofmotionfortheaircraft.Direct
substitutionoftheaboveresultsintoLagrangelseqyationyieldsthefol-
lowingmatrixeqyations:

[ml{~}+[:1[d+[al{q}+Eel{q}=[F~$l{1}

Thevarioussquarematricesaregivenintheappendix.Thegeneralized
coordinatematrices {1 containthegeneralizedcoordinatesz, e}
~, @ ~r(r=l, 2, 3,q.. .). Itisinterestingtonoteinpassing
thatthefollowingaeroelasticproblemsmaybe droppedoutoftheabove
equationas specia3cases:Divergence,

[a]{q]+[e]{q}=o
stability,

[ml{a] +El{i)J4{q}+[e]{q]=o

controlresponse,

[ml{~}+PI{~]+[al{q}+[e]\q}=[4J{1} se(t)

andflutter,

-&[m,]{q] + i&(k)~] {q) + C(k)[m]{q] + [e]{q} = O

(1)

(2)

(3)

(4)

.

.

-.

“
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(Thematrtirm’1 includesapparentmasseffects.) A slightrevision
. isnecessaryto obtainthefluttercase;nanely,theTheodorsenfunction

C(k) mustbe includedinthemotionforces.Forsimplicity,C(k) may
be assumedtobe independentofthespancoordinate.

It isinterestingtonotethatequation(3)providesthebasisfor
studyinga gustalleviatorsystem.If [Fj~(l) isaddedto theright

sideofequation(3),an investigationcanbe madeoftheeffectiveness
ofvarioussystemswhosebehaviorisgovernedby a relationoftheform

5e(t)= rm 43(t- T)W(T)dTd-a

#

where ~(t) isthesystemfunction.
byreqpiringthat hs(t) be selected
of,say,pitchingdisplacement.This
ofproblem.

An
for

interestingproblemmaybeposed
minimumroot-mean-squsreresponse

istheso-calledWiener-Hopftype

SOLUTIONOFDYNAMICALEQUATIONSOFMOTIONAND

DEEERMINATIONOFROOT-MEAN-SQUARERESPONSE

Itwasshowninthepreviousdiscussionthattheequationsofmotion
form aircrsftsubjectto turbulentvelocityfluctuationsinthexy-plane
andperpendicularto thexy-planesreformulatedasfollows:

[==] {’q+[q {~}+[4 {q}+[4{q}=h]{l}
wherethevsziousmatricesare
thediagondmatrix[1Fjj is

form

givenintheappendix.It iSshownthat
theforcing-functionmatrixandisofthe

.

\

.

0 “ f~c)

\

o

‘jJ(g)
.
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Notethatit isa functionofthepsmmeter ~ = Ut. Variousmethodsof
solvingthissetofequationssrenowconsidered.

It iswelltopointoutthatinthepresentproblemfll(~),
f=(g),. ● . areStochasticfunctionsof ~,andsolutionsoftheequa-
tionsmustbe approachedinlightofthisfact.Thisincreasesthecom-
plexityoftheproblemconsiderably.

Forpurposesof comparison,somemore-or-lessstsndsxdmethodsfor
solvinglinesxequationsarelistedasfollows:(1)ByLaplacetransforms,
(2)byFouriertransforms,(3)by finitedifferences,and(h)by superposi-
tionof illdicialsolutions.

It isevidentthatdirectapplicationofLaplacetransformsmustfail
becauseofthenatureof Fjj;thatis,thematrixismadeup ofrandom
functionswhichareconsideredto havea beginningat -COintimesnd
theinitialconditionsareindetermhmnt.Directapplicationofthe
Fouriertransform,eveninthebilateralcase,mustalsofailbecause,
ingeneral,theFouriertrsnsformforthefunctionsenteringtheright-hsnd
sideoftheequationdoesnotexistj that is, theintegralmsybe diver-
gent. Asidefromthesedifficultiesthereisno generallyconsistentway
of specifyingthefunctions‘jj(!,)becausetheydependuponthersndom
vsriable~(x,y). Evenif itwerepossibleto specifythesefunctions
indetail,directapplicationofthetwotransformmethodswouldyield
nothingbecauseoftheaforementioneddifficulties.Solutionsby finite-
differencetechniquescould,inprinciple,be carriedoutbut,inpractice,
wouldbe a formidableundertaking.Thisleavesthelastmethodlisted
aboveasa logical.choice,ifnot,indeed,theonlychoice.Itwillbe
shownpresentlythatthemethodof superpositioncanbe appliedto deter-
minea limitedsmountof informationabouttheproblem.

Themethodof superpositionconsistsinbuildingup a completesolu-
tionfromcertainspecisltypesof solutio~.wtich~e relative~easy
to obtain.Theresretwocommonmethodsavailable,eitherofwhichmay
be appliedhere,nemely,superpositionofsimple-harmonicsolutionsthrough
theuseoftheFourierintegralor superpositionofunit-impulse-response
solutionsthroughtheconvolutionintegral.Thelatterseemsto bethe
bettermethodbecauseitbringsinthestatisticalparametersassociated
withtheproblemina morestraightf6rwsrdmanner.However,it isinter-
estingtopointoutthatthesolutionsobtainedbytheunit-impulsemethod
arerelatedto thesolutionsobtainedbythesimple-harmonicmethodthrough
theFouriertransform,justastheunit-impulseresponseisrelatedtothe
simple-hsmnonicresponse.

.

.

—

.

●

—

—

—

.

.
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In consideringa solutiontothematrixeqpation

15

by themethodof
superpositionit is convenientto introducetheDiracdeltafunctionto
definea ‘*primitive’*solution,whichcorrespondstoreplacingtheright-
hsndsideoftheequationbythefollowingmatrix:

1

aud
for

{}
1

Theunithpulse 5(C) istheforc~ functioninthisinstance
itspositioninthematrixisgtvenby thesubscriptj. A solution
this

eralized
interest

where N
thesame
culation

caseis calledqj snd q maybe anyoneoftheseveralgen-
coordinatesz, f3,$,or kr. Clesrly,then,thesolutionof
maybewritten(ref.12,p. 245)

N

11co
q(z)= !@ - K)fjj(O dc

&l -“

isthetotalnumberofgeneralizedcoordinatessnd Z isin
unitsas g. By defbitionqj(x)= O for x <0. The CSL

concerningthequantitiesqj maybe csrriedoutby anycon-
venientmethod,includingLaplacetransformsandfinitetiferences.
However,thesecalculationssreespecial@tediousif N ismuchlsrger
than3 or 4. Forcaseswherea lsrgenumberof genertizedcoordinates
isusedinthesnalysis,theuseofhigh-speedcomputingmachinesis
stronglyrecommended.

Theproblemisfarfrombeingsolved,however,withthewritingdown
of theshoveequation.At thispointintheanalysisitis realizedthat
onemustapp3ystatisticalmethodsto learnadditionalinformationabout
q(Z),whichisa stochasticfunctionsimplybecausethequantitiesfjj(g)
arestochasticfunctions.Anotherquestionmustalsobe settledatthis
pointintheanalysis;nsmely,whatisthequantityofprimsryintemest?
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Ifthequantityof interestisoneofthegeneralizedcoordinates
orthenthderivativeofoneofthesecoordinates,thenmostofthe
informationisavailablefromtheequationas itsta@s. On theother
hand,ifa quantitysuchasbendingmomentor shearat somepointinthe
wingisof interest,thenadditionalconsiderationsmustbe giventothe
solutio~initspresentform.Thispointmaybemadeclearifonecon-
sidersthefollowingtwotypicalcases,eachoneorbothofwhichmmvbe
ofpracticalintere6t:
tion,and(2)studyof

Inthefirstcase

(lj-Studyofaircraftcenter-of-gravityacce5_era-
ting-rootbendingmoment.

thesolutionto be studiedtakestheform

Nm

;(2) =H’ ~j(l- g)fjj(~)dg
-m.

-L

whileinthesecondcasethesolutionto be studiedtakesthefollowing
form:

Noticethateachofthequantities~, ~,andsoforthaswellas
L(y,x,t)m arecomplicatedfunctionsofthecorrespondingprimitive.. ..
solutions$J> @j, ~j,andsoforthsmdtheforcingfunctionsfjj.

It isapparentthatthecalculationofthebendingmomentinthe
mmner indicatedaboveis quiteinvolved.~“alternativemeansisav~-
ablewhichissomewhatsimplerinmathematic~form;thatis,thebending
momentcm be obtainedby lineszsuperpositionofthenormalmodesaa
follows(ref.12):

M

.

.
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.

.

NACATN 3879

wherethequantityAr
unitdeformationofthe

givestherootbending-momentcoefficient
rthnormalmode. It csnbe computedfrcm

17

dueto
the

inertialosdingonthewingcorrespondingtotherthnormaltibration
mode. Theq=tity M isthetotalnumberofmoclesthatareusedin
theanalysis;forthiscase,M= N - 3. Thequantities~r canbe ‘
obtainedby superpositionoftheprimitivesolutions~r~ discussed
previously.Thus,

MB(Z)
‘f i k 1: ‘r~(’- “fJJ(g)‘g
*1 j=l

Considerationisgivennowtothedeterminationof certainstatistical
quantitiesassociatedwiththesolutionsofthedynamicalequationsof
motion.~terestisherecenteredonthestudyof center-of-gratity
accelerationsndwing-rootbendingmoment,respectively,as givenby the
relations

‘>1

J=lr=l

are,
ysis

Bothofthephysicalquantitiesontheleftoftheaboveequations
of course,stochasticfunctionsandthemethodsof statisticalanal-
mustaccordinglybe appliedto obtainad&Ltionallydesiredinforma-

tion. Theresreseveralquestionsonemightposeatthispointinregsrd
to thestatisticalpropertiesof E and MB. Someoftheseareworth
notingasfollows:(1)Whatistheprobabilitydensitydistribution?
(2)Whatisthecorrelationfunction?(3)Whatisthepowerdensity
spectrum?

Theprobabilitydensitydistribtiionprovidesinformationonthe
smplitudeofthestochasticfunction.It canbe shownthatboth %
and ~ sreGaussianlydistributedprovidedthat fj~ iSalsoGaussianly
distributed.Thisfollowsas a consequenceofthecentrallimittheorem
sndthepropertiesoflinesxsystems.Itmaybe assumedthatallofthe
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qmtities concernedhereareGaussianforconvenience,butitisnot
a necessaryassumptioninwhatisto follow.‘Thereae, however,strong
motivationsformakingthisassumption;thatis,(1)theGaussiancurve

.

hasbeenexhaustivelystudiedandaccordinglymuchisknownaboutit,
(2)itmaybe characterizedby a shgleparameter,namely,themeansqusre
or standsrddeviation,(3)thecharacterizationbythemean-sqmepsram-
eterprovidesa linkbetweensmplitudespectraandpowerspectra,and
(4)manyphysicalquantitiesfollowtheGaussiandistribution.

ThecorrelationfunctionandpowerdensityspectrmnareFourier
transformpairs.Thecorrelationfunctionprovidesinformationonthe
cohereuceofthestochasticfunctionatadjacentintervalsintimeand/or
space,whilethepowerdensityspectrumgivesinformationastothedis-
tributionofpowerwithfrequencyorwavelength.Theuseoftheword
powerisrathergeneralizedinthatitneednotreferto actual.physical
power.Perhapsa betterterminologywouldbethemesm-squaredensity
spectrmsincetheareaunderthepowerspectraldensitycurveisequal
to themeansquareofthestochasticfunction.However,theterm“power
spectrum”seemsto beratherfirmlyentrenchedintheliterature.

Iftheprobabilitydensityofa stochasticfunctionW iscalled
p(W),theautocorrelationfunctionof W iscalledqW(x),andthe
powerdensityspectrumof W iscalLedOW(0),thenonemaywrite
(ref.14)

— Jw Jm
w2. #. W%(W) dW= @w(cEl)da=cpw(o)

-m -m

whichmesnsthatthemean-squarevalueisobtainablefromallthreeofthe
statisticalquantitiesdiscussedabove.Inthefollowingdiscussion,
itisassumedthat ~= O;thatis,themeanvalueofallstochastic
functionsisassumedto be zero.Also,theanalysisisdirectedtoward
thedeterminationofautocorrelationfunctionsfor(1)center-of-gravity
accelerationand(2)wing-rootbendingmoment.1?% theseresultsitis
possibleto computetheroot-mean-squareresponse.

AutocorrelationofCenter-of-GravityAcceleration

Theautocorrelationofthecenter-of-gravityaccelerationmaybe
formedfromthesolutionstothe@namicaJ.equationsofmotionasfollows:

.
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-1a.v

wherethebaroverthesymbolsontheleft-handsideandthebrackets
[Iav ontheright-hsndsideindicatethattheaverageisbeingtaken

withrespectto theensembleat a particularvalueof Z.

Withan appropriatechangeof independentvsriableandtiterchanging
theorderof integrationandaveregingoperations,theautocorrelation
of % maybewritten

*(2)%(2+x) =
f f 1:‘i(g)%+’-‘)=(x-‘)“ ‘“
1 S

In ordertoreducetheautocorrelationof E tothisformit isalso
necessaryto assumethattheforcingfunctionsfi and fj arestationery
randomfunctions;thatis,theaversgeproductfff-jmustbe independent

ofparalleltranslationsofthesefunctionsalongtheabscissaaxis.
Anotherwayof sayingthessmethinginregsrdto !2isto saythatthe
left-handsideoftheequationisindependentof Z fora stationary
process.(Theseremarksdo notme=, however,thatthefunctionssre
ergodic.)

Thedouble
bydefiningthe

integralontherightmaybereducedto a singleintegral
newquantity

(2)
qij (-v)= JmXJg)%$g- ~)q

-m

which isthecrosscorrelationbetweentheithprimitivesolutionend
thejthprimitivesolutioncorrespondingto %!.Ingeneral,therewill

be # suchcross-correlationfmctionsneededintheanalysis.These
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quantitiesdependontheprimitivesolutiongobtainedby successively
substitutingunit-impulsefunctionsontheright-handsideofthedynsmi- .
ml equationsofmotion.Thesecross-correlationfunctionsarereferred
to asthepr~tive cross-correlationfunctionscorrespondingto 2.
Aftersubstitution,theautocorrelationfor X reads

i J

Thereremainstheproblem

consideredtheautocorrelation
discussed.

of computing~, butbeforethisis
ofwing-rootbendingmomentwillbe

AutocorrelationofWing-RootBendingMoment

Theautocorrelationofwing-rootbendingmomentmaybe formulated
asfollows:

NNMM

MB(Z)MB(Z-I-X)
= z m ‘a: ‘ri(’)gsJ(’ - ‘)=(’ - “) ‘v “ “

tia msmnerenttielyanalogousto
tion,a newcross-correlationfunctionmay

formulationof X autoconela-
be definedas

In general,therewillbe (NM)2suchcross-correlationfunctionsneeded
intheanalysisforbendingmoment.Thesequantitiesm~ bereferredto
asprimitivecross-correlationfunctionscorrespondingto Er and Es.
It isofutmostimportancetokeepthesubscriptssadsuperscriptsin
theirproperorderto avoiderror.Aftersubstitution,theautocorrela-
tionofbendingmomentreads

●
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iJrs

Noticethatthecross-correlationfunctionfif~ occursintheexpres-

sionforbending-momentautocorrelationinthesameformas intheaccel-
erationautocorrelation.Beforeproceedingto a discussionofthisquan-
tityindetailsomeremarksshouldbetie abouttheaud.ysisat its
presentstageofdevelopment.Firstof all,itis quiteevidentthat
theanalysiswillreachvastproportionsifthenumbersN and M sre
verylsrge.Forexsmple,ifthreerigid-bodymodesareusedin conjunc-
tionwiththreeelasticmodesthen36primitivecrosscorrelationssxe
neededfortheaccelerationautocorrelations,while324primitivecross
correlationssreneededforthebending-momentautocorrelation. Some
ideaofhowthisgoesmaybe seenintableI.

Cross-CorrelationFtmction~

Considerationisnowgivento thedeterminationofthecross-
correlationfunction~ keepinginmindthattheanalysisisbecoming
etiremelycomplicatedandthatscmesiroplif@ngassumptionsmaybemade
intheinterestofretainingan analyticalprocedurewhichisusefulfor
practicalapplications.It is shownintheappendixthata typicalterm
of theforcing-functionmatrticorrespondingto thejthrowcanbewritten

&~(Y) W j’ +[1“~g-~-x
‘Jii= q(x,y)d’+

-m c(y)

[1fb’Aj’(Y) d-yf’?g-c;;)-x’+bY) d’
, -b’ -m

Thefunction~ maybe identifiedsaKiisnerlsfunction.The
argumentofthefunctionasabovewrittentakesintoaccounttheeffects
of sweeyandtaper.TheKHssnerfunction,as iswellknown,takesinto
accounttheunsteadyaerodynamiceffectoftheliftbuildupontheair-
foildueto variationsti ~. Ifthevariationsin ~ we slowcompared
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@
withthevariationin ~,
dynamicsmaybe used,and

NACATN 3879

over,say,10 herds,thenquasi-steadyaero-

9thequantity“
.

maybe replacedby a unit
impulse.3Inthefollowingdiscussionit isassumedthat ~ variations
areslowenoughtowarrantthissimplification.Underthisslmplifyiu
assumptiontheforcingfunctionreads

Jb

J

br
fj~= dyAj(y)~(~-%Y) + -b,

-b

Noticethattheeffectsofsweepandtaper
correlationfifj(%)maybe computedina

usingtheaboverelation;nsmely,

mmb

. . -

d-YAj’(Y)q(~ - XO’YY)

me stillincluded.Thecross
straightforwardcalculation

Jb

-b

/’
b

J’b’@ d~Ai(Y)Aj’(q)ai(g- XO,Y)%(L+ X - Xot,q)+
-b‘

d-b d-b’

Jr
b!

@ dvAi’(Y)Aj’(’fI)~(~ - xo’,Y)~(~+ X - xo’,q)
-b‘

Iftheturbulenceishomogeneous,thequantity~ maybe identified
asa spatialautocorrelationfunctionintwodimensionsinwhichthe
spatialdependenceisgivenintermsofthedifferences
1--

lY-nl,
XO’1,andsoforth.It isimportanttonoticethatinthecaseof

a sweptwing(ortail) x. isa functionofthe.spanwisecoordinate.
m puticm, if r isthesweepaz@e at.rnidchordthen-

%(Y) - %(v) = sinr)(y- n)

—

—

—

3S~ce a “frozen”t~b~e~ce fieldh= beenpostul.ated,itmaybe
statedequivalentlythatunsteadyaerodynamiceffectsmaybeneglected
inthecaseswheretheturbulenceintegralscaleislargecomparedwith
a characteristicdtiensionofthewing,inthiscasethesemichord.An
argumentwhichleadstothissimplificationisgiveninreference3.

.

.
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Also,thelasttermontheright-handsideof

is smallcomp=edwiththeotherterms,being

therelationfOr fifj(x)

approximatelyintheratio
oftailareatowingareasquared.Therefore,thislasttermmaybe
neglectedwithlittleerror.Finally,iftheautocorrelationfor ~
isgiventhesymbolcp~,therelationreads

bJJ
bl

[ Ill@dn%’(y)A@mx+xo’-%,Y- T
-b -b’

Noticethattheeffectof sweepistakenintoaccountby includingspan-
wisedependenceinbothcoordinatesof q=(x,y). Forthefirstintegral
thisdependenceisrathersimplyincluded,butinthelasttwotite~als
a moregeneralrelationmustbe used,namely,

where 20 isthedistancebetweenthemidchord
ofthetailattheplaneof symmetry.Formost

sin r,~

ofwingsndthemidchord
aircraftwhereinboth

the~ sndthetailemploy&odera~esweepback,theright-handsideof
theaboverelationmaybereplacedby 2.. Thisaffordsconsiderable
simplificationinthelasttwointegralsaffecting~.

Certainspecialcaseswill.nowbe consideredinlightofthese
results.Thefirstcasestudiedisforstraightormoderatelyswept
wings. Anotherspecialcasewillbe consideredwhich”leadsto somewhat
simplerresultsaawillbe seen,thatis,thecasewhen gu(x~Y) WY
bereplacedby ~w(x).

SpecialCases

Straightw5ngs orwings withmoderatesweep.-In orderto avoid
mathematical.encmnbrsnces,onlyonetermwillbe consideredontheright-
handsideoftheexpressionfor ~ remembering,however,thatthis

●
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isonlypartofthetotalcontribution.Theremainingtwotermsshould
contributeintheorderof 10to 20percentsothattheyshouldnotbe
ignoredcompletely.Forttiscase,theref~~e,onemaymite

J b
~(x) = -b WdTI~(Y)Aj(TI)Qm( X,l Y - nl) . . .

Consideringthisexpressioninlightofthedefinitionof A (see
appendix),it isevidentthatan importantspecialcaseisobtainedwhen
i = J = 1,thatis,thecaseofthetotallifton a rigidmswept(or
moderatelyswept)wingrestrainedagainstmotion.Forthiscase,

Al= aC(Y)CZa(Y)

Otherspecialcases(e.g.,rollingmomenton a rigidrestrainedwing)
maybe obtainedina similarmannerfrom ~. In orderto evaluatethe
expressionfor fifj) a specificationisneededwithrespectto (p=.
In otherwords,the“space-time”autocorrelation(space-timecorrelation
isdirectlyproportionalto space-spacecorrelationunderTaylorrs
hypothesis)fortheturbulence,isneeded.Here,indeed,isthecruxof
thematter,butitisthisquantityaboutwhichtheleastisknownso
fsxasatmosphericturbulenceisconcerned.Thespace-timecorrelation
isextremelydifficulttomeasureevenunderidealexperimentaltestcon-
ditions. Furthermore,verylimitedinformation i.s avd~ble which ~fords
a rationalbasisforestimatingthisquantitytheoretically.

.

.

.

.

Iftheturbulenceisassumedtobe isotropic,thentheoretical
expressionscouldbeused,butitwouldbe difficultto justifytheir
use. Forexample,anexpressionwhichisbaseduponisotropicturbulence
considerationsandwhichisnottoodifficultto handlemathematicsll.yis
theGaussiancurve

@ u%J%Y)2
= ~[exp -

1
(X2-+ y2)/L2

—
where W2 ismean-squaredintensityand L isintegralscaleofturbu-
lence.Fromtheremarksit iscleerthatsomethingmoredefinitiveis
neededinorderto completea gust-loadanalysisof a full-scaleaircraft,
especiallywhenspanwisepartialcorrelationeffectsareto be included. .

●

●
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One-tiensionalguststructure.-Thecaseofthe
guststructureafforalsconsiderablesimlificationin

25

one-dimensional
twodistinctmesa—

oftheproblem,namely,(1)thedeterminantionoftheprimitivesoltiion
and(2)thedeterminationofthea.utocorrelation.Iftheguststructure
isone-dimensionalthetermsenteringtheright-handsideofthedynamical
equationsofmotionincludetheangle-of-attackfluctuations~ as a
commonlinesrfactor.ThematrixF~~ maybereplacedby.

pjj] = q(c)

wherethequantitiesf3j* - ‘3J ereidenticalexceptthattheangle-

f~* 0

f=*

\

.

\

●

.9
0 fm+(

of-attackfluctuation~ doesnoterfterintothespanwiseintegration.
Forthiscase,onlyoneprimitivesolutionisrequiredforsnyparticular
quantityof interest.Thisistrue,forexample,in computingeither
center-of-gravityaccelerationorbendingmomentor smyotherquantity
whichmaybe of interest.ALlthatisrequiredto srriveat a solution
to a particularproblemisto replace%(~) by theunitimpulAe,to
computethe desiredprimitivesoltiion,smdtousethisprimitivesolu-
tionin a superpositionon %(~) to obtainthefinaldesiredresult.
Suppose,forexsmple,it isdesiredto determinethecenter-of-gratity
accelerationsadtheautocorrelationfunctionofthewingbendingmoment.
Theprimitivesolutionsmay
Thus,

E(Z)=

be designated% and %*, respectively.
.

ficQ

.
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It isevidentthatthisisa muchsimplermeansofdeterminingthefinal
results.Theanalysisforthiscaseisinallrespectssimilarto the
analysisof anelectricalcircuitwithstochasticinputs.Accordingly,
therelationswhicharedevelopedintheanalysisof suchsystemsmay
be directlyappliedhere. It isinterestingto compsretheabovescheme
withthepreviousoneintermsofrelativecomplexity.Sucha comparison
isbestbroughtoutby consideringthenumberofprimitivecross-correlation
functionsneededto completetheaboveanalyses.Inthecaseofthecenter-
of-gravityaccelerationitisnecessaryto computeonlyoneprimitivecor-
relationwhichis,of course,a autocorrelationratherthana crosscor-
relation.Inthecaseofthebendingmoment,it issimilerllynecessery
to computeonlyoneprimitiveautocoirelation.However,forbendingmoment,
it is importanttonoticethatthepr3mitivesolutiondependsupon&El.nor-
malmodes ~r*,andthetotalbendingmomentmustbe obtainedfromthe
relation

MB*=I Arkr*
r

wherethevaluesof ~r* ~e obttiedbyreplacingcq(~) bytheunit .

impulse.

Theprimitive-solutionrequirementsendassociatedprimitive-
.

correlation-functionrequirementsmaybe comparedwiththoseintable1.
It is cleerthattheone-dimensionalcaseis severalordersofmagnitude
simplerto apply.Onemaygeneralizethisresultinthefollowingway.
Fortheone-dimensionalcase,let p representsomephysicalquantity
of interestwhichdependsuponthesolutionofthedynsmicalequations
ofmotions.Let V* bethesolutionof
Unitimpulse.

whereCPv++w++
tionof angle

Then,theautocorrelation

is

of

theautocorrelationof

attacka.

theequationsfor ~(~) = 5=
of p isgivenby

C)CPW(C)d~

p* end (p- istheautocorrela-

.

.
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Ifthepowerdensityspectrumof w isof interest,then(ref.7,
p. 322)

where @ ismean-powerdensityspectrumend M*(u) isobtainedby letting
%L= em M inthedynemicalequationsofmotion.

Thisrelationisa fs.milisronewhichisbasictothestudyof sta-
tionerytimeseriesendline= passivesyEtems.Itmaybe appliedto
snyltiesrsystemwithconstantparametersprovidedtheinputquentity
isa stationaryrandomfunctionof oneindependentveriable.Fora linear
passiveelectriccircuittheseconditionsaresatisfied.Forsn airplane,
theseconditionswill,ingeneral,be satisfiedonlywhentheturbulence
scaleis “large.’[Inthiscasetheturbulentvelocityfluctuationswhich
influencetheairpleaeresponseat anyimstsntmaybe consideredconstant
inthelateral(spsmwise)direction.Theanalysisinthesecasesoflsxge
turbulencescaleisa greatdealsimplerthanthegeneralanalysis.Flight
measurementsofthepowerdensityspectrmofthegustconsideredas a
one-dimensionalprocess(refs.3,16,andl.?)maybe usedina one-
tiensionalanalysisofthetypediscussedherein.

ThefunctionM*(u) appe=ingintheaboverelationmaybe cal-
culatedfromthedynamicalequationsofmotion.Forexemple,if70points
inthepowerdensityspectrumsretobe calculatedandifthesnelysisis
forsixdegreesoffreedom,itwillbenecesserytoperform70 inversions
of stih-ordermatrices

soME

to obtainM*(u).

SIMPLEILLUSTRA!EIVE

Thegeneralformulationof theproblem

IixmFLEs

of airplanegustresponsehas
beenexandned.Thisproblembecomesexceedinglycomplexanddifficultto
handleanalyticallywheninstantaneousspanwisev=iationsofthegust
fieldoccur.Severalsimp~fyingassumptionswereintroducedintothe
formulation.Buttheassumptionwhichachievesthegreatestsimplifica-
tion

.

intheenalysisisthepostulationof a one-dimensionalguststructure.

Forthiscase,theresponsemaybe characterizedby therelation

.

!3p&D)=l~*(uJ)12%uhD)
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where
.

IJ generalizeddependent(response)variable

‘3Vv((D) powerdensityspectrumof p

~’(d transferfunctionof K correspondingto sinusoidalgust
input(obtainedby solvingdynamicaleqpationsofmotion
forairplane)

ThequantityQW(0) Isthepowerspectrumof w/U andmaybe
representedby theone-dimensionalisotropicspectrum(ref.7,p. 322)
as

where L istheintegralscaleofturbulence,and # isthemesm-
squsregustvelocityofturbulentvelocityfluctuationsnormalto the
airplaneflightdirectionandlyingintheplaneof symmetry.Themean-
squareliftresponseasa functionoftheparametersoftheproblemwill
nowbe investigated.Ingeneral,thetransferfunctionM*(u) isa func-
tionofreducedfreqpencyubc~U andcertainnondimensionalsirplane

parameters,forexample,airplanerelativedensity,pitchradiusofgyra-
tion,taillength,center-of-gravityposition,taileffectivenessfactor,
andSO forth.

Usingthatinformation,
mes.n-sqpareliftcoefficient

mm

onecanmite thefollowiruzrelationforthe
(ref. 18):

—

h&*(u$12!3m(uJdu

.

.
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where ~ = $. Thus,it is seenthattheme~-squsreliftcoefficient

isa functionof a numberofnondimensionalairplaneparametersandthe
psxsmeterL/bc,whichistheratioofturbulencescaleto wingsemichord.
Theliftcoefficientisalsoproportionaltotheturbulencemesn-squsre
intensity.Anyotherresponsevariableof interest,forexample,bending
momentatwingroot,wouldsimilsrlydependuponthesenumerousparameters,
thoughnotinthessmeway,of course.

A completeparametricinvestigation(see,e.g.,ref.15)ofthe
problemas aboveformulatedisbeyondthepresentscopeof study.However,
itisdesiredto considerthefollowingimportantquestions:

(1)Whatistheimportanceofunsteadyaerciiynsmicsinthelift
btildupdueto thegust?

(2)Whatistheimportanceofthepitchingdegreeof,freedcin?

(3) HOWdotheresultscompsrewith
edged-gustformula?

Importanceof Unsteedy

resultsobtainedby thesharp-

Aerodynamics

In a paperbyFung(ref.7),theproblemofunsteadyaerodymsmics
wasconsideredinthefrsmeworkofa single-degree-of-freedomvertical
translation.Resultswereobtatiedwhichincludedtheeffectofunsteady
aerodynamicssndalsoappsrentmasseffectsbutwhichneglectedcontri-
butionsofthehorizontaltail. Inthegeneralformulationpresented
heretheunsteadyaerodynamiceffectssndappsrentmasseffectshavebeen
neglected,butthecontributionofthehorizontaltailhasbeenincluded.
It isdesiredto isolatetheunsteadyaerodynamiceffect.To dothis,
considertheintegral

where IC=
paredwith

EF=~wJ’ E2(1+ 332)

[(-) ]

d~
(cL2)refx 0 2L 2 + ~2(1+ ~2)2

bc~

3n/fipSbcistheairplsnerelativedensity.Thismaybe com-
theexpressiongiveninFung’spaper.
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Thereferenceliftcoefficientisbaseduponthesharp-edged-gust
formula .

(CL)ref= aw’/u —

where w! istheroot-mea&squaregustintensity.Figuxe2 showsa
directcomparisonofresults.It canbe seenthatunsteadyaerodynamic
effectsbecomelessimportantastheiutegralturbulencescalebecomes
largerelativetothewingsemichord.Also,forhuge valuesofairplane

—

relativedensity,theeffectofunsteadyaerodynamicsdecreasesforgiven
—

valuesof L/bc. Thislatterinfluenceismuchlessappsrentthanthe_
scaleeffect.

ImportanceofPitchingDegreeoflRreedom —.-

A parametricstudyofgustloadsintwodegreesof freedomwasmade
byBrennerendl%aksen(ref.18). Inthatstudy,theguststructurewas
greatlysimplifiedtothecaseof (1)a uniformstep-functiongustand
(2)a uniformremp-functiongust. Inwhat@ perhapsthemostexhaustive
parametrictreatmentoftheproblemsotar,chartsendnumericaldataue .
givenformorethen227casestudies.Cert{tieffectsonthegustresponse
werehwestigated,forexemple,effectsofairplanerelativedensity,
effectsofpitchrsd.iusof~ation, effectsoftaillengthandtail .
effectiveness,andsoforth.A p=ametricstudyof suchscopeisoutside
thepresentinvestigation.However,to settlethequestionoftheimpor-
tanceofthepitchingdegreeoffreedom,a $imibranalyticalstudyfor
stochasticgustsiswarranted.Sucha progrsmcouldmakeuseofresults
obtainedbyBrennerandIsakeenIf sufficientdataontheasymptotic
behavioroftheirresponsesareavailable.

Onlypeakvaluesoftheresponseswere_ofinterestintheirstudy,
sotheresponsesforlatertimessrenotgiveninthereport.Tomake
useof step-functionresponsedataforcomputingresponsesto stochastic
gusts,a Fourierintegraloperationis involved,andthisintegration -

extendsovertherange O S t sm. Unfortu&te3y,thedataofrefer-
ence18donotco~r therequiredrangeon t. — -..

Forthesakeof simplicity,twospecialcasessreconsideredwhich
we characterizedbytwoextremevaluesofthepitchradiusofgyration,
namely,J-O and J--+rn.Thecaseforinfhiteradiusof gyrationis
essentiallytheone-degree-of-freedomcaseofverticaltranslation,since
withinfinitemomentof inertiaaboutthepitchsxis,theairplanecen-
notrespondinpitch.Fortheothercase,thepitchrsdiusof gyration .

.
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(momentof inertiainpitch)is so
tivelyno inertialrestraintabout

31

smallthattheairplaneofferseffec-
thepitch@s. Motionaboutthe

pitch-axisis thus entire~theresult‘d aerodynamicmmentsaboutthe
centerofgravi~. Anyactualcasewouldliebetweenlimitsgivenby
thesetwosimplecases.Toestablishtheselfmits,thedynsmicequations
ofmotionmustbe solvedcorrespondingto thetwostatedlimitsofpitch
radiusof gyration.Thisprocedureleadsto anexpressionforthe
transferfunctionintermsoftheairplaneparametersandthereduced
frequency.H, inaddition,oneconsidersthatthecenterofgravityof
theairplaneis subjecttoa narrowrangeofvariation,saybetween
25 and50percentofthechord,someadditionalsimplificationsin the
expressionforthetransferfunctionarepossible.An expressionwhich
closelyapproximatesthetransferfunctionforsmallpitchradiusof
gyrationis includedinthefollowing
coefficientwithcenterofgravityat

relationsfor&an-squarelift
~ percentofthewi~gchord:

I f%2 I -1 r“ 52(1 + 3E2)d~
1 I ==]

p)refj+o X Jo {~cK:,+RJ2+E2
.

Here,twonewparametershavebeenintroduced,thenondimensionaltail
lengthZ’,referredtowingsemichord,andtheratiooftailsreatowing
srea R.

Theratioof %2 for J—>0 to ~ for J-= maybe computed
by referringtopreviousresults,namely,

f“ 52(1+ 3E!2)

Thisrelationisplottedinfigure3 forthevalue 7(1+R) = 4.0.
Forthegivenparameters,therelativeeffectofthepitchdegreeof

. freedombecomesmoreimportantas theturbulencescalebecomeslarge
relativetothewingsemichord.Also,theeffectoftheairplanerelative

.
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densityistodecreasetheeffectofthepitchdegreeoffreedomasthe
relativedensityincreases;allotherparametersremainfixed.An increase .
intaillengthwill.havethesamerelativeeffectasanincreaseinair-
plsmerelativedensity.A largertailwillhavea mitigatingeffectonthe
gustloads.

ComparisonofResultsWithShsrp-Edged-GustFormula

To seehowtheseresultscomparewiththe
somerepresentativecurves
culatedusingtheformula

%’ 1
=-

(C~2)ref fi

sharp-edged-gustformula,
4. Thesecurveswerecal-

d~

(1+ 52)2

Theseresultsshowa decreaseinmean-squareliftresponsewith
increasingL/bc. Also,theeffectofdecre~singtheairpisnerelative
densityistomitigatethegustload(comparethiswiththerelative
effectof ~ onthelods whenpitchingis.@cluded);allotherparam-
etersremainfixed.Thislattereffectis inaccordwiththeresultsof
BrennerandIsaksenforstep-f’unction~ts. Perhaps,theeffectof
increasingtheturbulencescaleistantamountto increasingthegust-
gradientdistanceforrsmp-t~egusts.Theover~ effectonthelift
responseto stochasticgustsisinqualitativeagreementwithramp-gust
responsesif oneusesthisreasoning.Itmustbe rememberedthatthis
isa statisticalprocess,smd,ifa root-mean-squareloadfactorof,say,
0.8ispredicted,thisloadisactuallyexceededmanytimes,asevidenced
by thedistributionoftheloadfactorintheprobabilitysense(ref.19).
A loadfactorof 2.0,forexsnple,isnotimpossible.Infact,ifthe
distributionisGaussian,theprobabilityofthishappeningis1.24per-
cent,andtheoddsagainsttheloadfactorequalingorexceeding2.0are
onlyabout80 to1. Thus,whilethesherp-edged-gustformulagivescon-
servativeresultsforroot-mean-sqwelosdpredictions,itmaybe
perfectlyadequatefordesign.

An analyticalscheme
autocorrelationfunctions

CONCLUDINGREMARKS

hasbeenderivedwhichcanbe usedto estimate
and,by useofa Fouriertransformation>

.

powerdensityfunctionsofairplanerespo~esto atmosphericgusts.The
_sis takesinto aCCOLUIt theprincipledegreesoffreedomoftheati-
planesndincludeseffectsof spanwise(eswellas chordwise)variations
intheinstantaneousgustpattern.Thefinalresultsdependuponthe
solutionofdynsmicequationsofmotionfor’theairplanefora setof
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relativelysimpleforcingfunctions,nsmely,a setofdeltafunctions.
& Thesesolutionsaresuperposedby convolutionwiththeactualgustpat-

ternto obtainthedesiredresults.~o typicalresponsesof interest
arediscussed,thecenter-of-gravityaccelerationresponsesndthewing-
rootbending-momentresponse.Theautocorrektionfunctionsofthesetwo
quantitiesareexpressedintermsof a multiplesummation,extendingover
thetotalnumberofdegreesoffreedom.Eachterminthes~tion
involvesa correlationoftheprimitivesolutioncrosscorrelationwith
a cross-correlationfunction.Thiscross-correla,tionfunctioncanbe
calculatedby postulatingthattheturbulencefieldis stationaryand
homogeneous;also,theautocorrelstionfunctionintwodimensionsmust
be kaownforthegustpattern.mis quantityisdefinedbyqU(X,Y);
it isby meansofthisfunctionthatthelateralgustfieldisbrought
intotheanalysis.Utiortunately,littleisknownaboutthisfunction
fortheatmos~here,indicatingthatpracticalapplicationoftheseresults
mustawaitthedeterminationof q~(x,y) fromatmospheric-turbulence
researchinvestigations.

A specialcasewhichisvastlysimplerinprinciplefollowsfrom
neglectingthelateralvariationsinthegustpattern.Thiscasehas
beenlabeled“one-dimensional”guststructure.Thesimplificationof
theanalysisis suchthatthesmountofworkcanbe reducedby a factor

. of atleast N2,if N isthenrmberofdegreesoffreedom.Forthis
case,onlyone-dimensionalautocorrelationsenter;forexample,Pm(%Y)

. maybe replaced.by qm(x). Flightmeasurementsofthepowerdensity
spectrumofthegustconsideredas a one-dimensionalprocessmaybe used
ina one-dimensional-Iysis ofthetypediscussedhere.

Somesimpleillustrativeexsmplessretreatedforthecaseof a
one-tiensionalguststructure.Thevalidityofneglecthgtheeffect
ofunsteadyaerodynamicsis investigatedby cmparingcalculationsfortwo
casesof onedegreeoffreedom.Theresultsshowthatthisassumptionmay
be justifiedonlywhentheintegralscaleofturbulenceislargecompared
withthewingsemichord.A corollarytothisconclusionmaybe statedas
follows: Whenconditionssresuchthatunsteadyaerodynamiceffectsare
significant,thenthelateralgusteffectsmaybecomeimportantalso,and
itdoesnotseemconsistentto includetheoneandneglecttheother.Both
shouldbe eitherincludedorneglectedina rationalanalysis.

In a one-dimensionalanalysis,it is conservative(i.e.,higher
loadssrepredicted)toneglectumsteadyaerodynamiceffects.It is
notpossibleto stateattld.stimethecomparisonfora two-dimensional
smal.ysis.

Theimportanceofthepitchingdegreeoffreedomisinvestigated. by solvingthetwoequationsofmotion(forheavingandpitchhg)under
twoextremevaluesofthepitchmomentof inertia,namely,fora pitch
radiusof gyrationof O andoneof ~. Thelattercaseeffectively.
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includesonlytheplungingdegreeoffreedom.Theresultsofthissimpli-
fiedstudyshowthatthepitchingbecomesrelativelymoreimportantasthe ‘
turbulenceintegralscalebecomeslsrgerelativetothewingsemichord.
Beforeonecandrawgeneralconclusions,however,anextensivepsrsmeter
investigationmustbe made.

Theresultsof a single-degree-of-freedomanalysis(neglectingunsteady
aerodyrmniceffects)arecomparedwiththeresultsofthesharp-edgedgust
formula.Forthiscomparison,theroot-mean-squaregustintensitiesare
setequal.Theseresultsshowthattheroot-mean-sqweloadsarealwqm
lessthanthosepredictedbythesharp-edged-gustformulaandbecomeeven
smallerastheinte~alscaleofturbulenceincreases.

Onefinalpointisworthyofmention,namely,thatthisisa statis-
ticalprocess,sadifa root-mean-squareloadfactorof,say,0.8ispre-
dicted,it shouldberememberedthatthisloadisactuallyexceededmany
times,asevidencedbythedistributionoftheloadfactorintheprob-
abilitysense.A loadfactorof2.0,forexsmple,isnotimpossible.
In fact,ifthedistributionisGaussian,theprobabilityofthishap-
peningis1.24percent,andtheoddsagainsttheloadfactorequalingor
exceeding2.0we onlyabout80to 1. Thus,whilethesharp-edged-gust
formulagivesconservativeresultsforroot-mean-squareloadpredictions,
itmaybeperfectlyadequatefordesign.

Extensiveresearchinvestigationsshouldbe carried.out(1)to
determinemuchneededinformationontheatmosphericguststructure, .-
particularlyontwo-dimensionalturbulencespectrasothata directcom-
parisoncanbemadewithdatanowavailableand(2)to studymethodsof
applyingatmosphericturbulencedatatopracticalproblemsofflight.

MassachusettsInstituteofTechnoloIzJ,
Cambridge,Mass.,July1, 1955.

.
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DERIVATIONOl?

APPENDIX

MATRICXSENTERINGINTODYNAMICAL

EQUATIONSOFMOTION

Theequationsofmotionforanaircraftflyingatmesavelocity6
throughturbulentairarerepresentedby thematrixequation

Thevsrioussquarematriceswillnowbe consideredindetail.

InertiaMatrix[m]

Theinertiamatrixmsybe derivedby notingthatthecolumn

matrix[m]{d}followsfrom ..

d
J

@ti
a s aq

“ ~, and ~r(r= 1,2, 3, . . . (inthisorder))wherefor ~ = ;, e,

v=2+x6+ y@+I A@Y)ir

r

Forexample,onemayconsiderthetermsinthethird
Thesemaybe written [1rowof [m]q .
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where

Sx

IW

Ix

Ja@l= ~

“$2= Js

staticmomentatx-sxis

productof inertiaatxy-axis

momentof inertiaatx-axis

(hAl(x,y)y

&lA2(x,y)y

andsoforth.Thedetermination
froman obviousextensionofthe

L ]{}mlj < = tiMA+

L~jJ~~}= ;% +

*.

where

MA

‘Y

%

oftheremainingrows
aboveequationsas

;% + ~sx+
x ir~r

-z
8% + g~+ ;r~r

. . . . .

. . . . . . .

massofairplane

staticmomentabouty-sxis

momentofinertiaabouty-axis

of[m]follows

.

.

.
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%r=

aer=

Mr =

J’dmq(x,y) with r=l,2,3, . . .
s

J
dm~(x,y)x with r = 1, 2, 3, . . .

s

[ dm+2(%Y)
4s

Itshouldbe notedthatusehasbeenmadeoftheorthogonalityrelation
betweennormalmodesintheabovedevelopment.Also,dependingonthe
useofeithersymmetricalor antisymmetricalnormalmodes$certainterms
wildbe zero.lRmthezmore,sincetheoriginoftheprinciple-axis
coordinatesystemisheretakenatthevirtualcenterof gravityofthe
aticraft,all.staticmomentsSx, Sy,and IW willbe zero.Fornormal
modesitmaybe shownthattheterms ~r, aer>‘d ~ arezeroalso.
However,theyareretainedhereforgenerality.Thus,themassmatrix
maybe written

[1m=

ifA

SY

5X

1%Z1az2

whichissymmetricabout

%2 7i2 o

themaindiagonal.

Aero@mnicMatrix

h.=.

TheaerodynamicmatrixI8 Iderivesfromthose
workexpressiondueto ~. ~=se canbe tracedto
duetomotionoftheaircraft.Atypicalrowfrom

[1~3j ~ as Obtafnedfrm bUe/@ follows:

termsinthevirtual

theaerodynamicforces
thismatrix,say
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[[

.-

- “1][AJl{’l=j:Yo’c(y’cta(y’’+’’+~+uz%’’’Y);r ,
j=1,2,3, . . .

f

b:

[ [“2+%7+*+ I &(~>y);r
y @ 7C’(Y)CZJY)

-b1 u’.- 1]
p;3b b“‘

= w YC(Y)CZ$Y)+ ; J 1wYC’(Y)CZG’(Y) +
ti -b -b‘

r f~1

@ii Jb L%YY%(YE2J30 += -%,
u 1wY2c’(Y)cza’(Y) +

-b
L

.

— —
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. wherethedefinitionoftheelements~1, %2, ● . . is ob~ous●

Continuationofthisdevelopmentyieldstheremainingmatrixelements:

. . . . . . .

L=4,J{+$ j’:CIYA=(%Y)C(Y)CZ=(Y)+ ~ j::

J-1,2,3,...

. . . . . .
lr

HdyA@,Y)C’(Y)Ck’(Y) +68fbdY=kl(%Y)d(Y)cz=(Y)+
-b

-1

hi 1&=A1(=,y)C’(y)Cl=’(Y) +“: jb dYY@,Y)C~=(Y)+ f-::‘3YYA@,Y)C’(Y)CZa’(Y)+
-b

Vi=jr J

. . . . . . .

f-: WA1(=,Y)+(=,Y)C( Y)C~(Y)+~f: 15Y A1(%’,Y)+(=,Y)C’(Y) CZ=’(Y)

Thismatrixisnot symmetricsince%+5.
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AerodynamicMatrix[a]

Theaerodynamicmatrix[o.]maybe derivedinthesamewayasthe

rlmatrix ~ except that oneconsidersonlythestaticterms(q~, which
L--l

contributeto
rowof [a]is

the“generalizedforce”~Ee/~q.Forexample,>h~third
givenby theexpression .—--

~~:J~l=J:-,@{~c(,)cziI .r(=-]}+
●.* .

b’

J[
[ ~ Qr(=%]]

-Y@ 7c’(Y)cza’(Y)e +
-b‘

[~___

b

.f

bl
=e~ -Y o dY)cza(Y) +7

-b 1
-ydy c’(Y)c2a’(Y)+

.=b‘

I [f

b
Er6 -YdY Qr(%Y)c(Y)~za(Y)+

-b

f

b!
F ‘Y* ~r~jY)c’(Y)cZ‘1~’(Y)

-b‘

andsoon.”
c1

The matrixa isnotsymmetric.

.

.

.

.

.

.

b
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Theelasticity
from dEil~qwhere

.

[1ElasticityMatrixe

matrti[e]maybe derivedby notingthatitderives ‘
~’ ~r andwhere

Ei = l/2
I

Mfi2~r2

Thus,thismatrixisa diagonalmatrixoftheform

r

Ioc1e
=

Forcing-Function

Theforcing-functionmatrixdoes
generalizedcoordinates.However,as
diagonalmatrixwhoseelementsdepend
for q=z, e,....

d

MatrixrF..l
L JJJ

notdependinanywayuponthe
will be presentlyshown,it isa
upontheresultofforming~elaq

Considerationmaybe givento thatpartof bEe~q dueto turbulence
asfollows:

b’
$

J[
dyz+m’+@y+

1
~ 4?(~’,Y)Er 7c’(Y)cz=’ (Y) jn’ (t- T,y)q(T,y) dT

--b‘ -m

.
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Iftheps.rtialswe formed,oneobtains

a -G JbdYc(Y)cza(Y) Jmi(t-=- -b

T,y)~(T, y) dT+ . . .
-m

a—= J Ibdy yc(Y)c~a(Y) -: i(t -h~ i -b

T,y)~(T, y) d’f+ , . .

a

from

Jb

J

m
=; @ Accra $(t- T,y)~(T, y) d7+ . . .

-b -w

UsingTaylor’shypothesis,itmaybe shownthata typicalterm
theaboveenseniblemaybe written

r -1

where x. = ~(y) = Distanceyarallel.
totidchordand ~ = d@c.

A

tox-sxisfromcenterofgravity

~(x,y)isphasedtheturbulenceNote that Ut = ~ andalso’that
withrespectto theaircraftcenterofgravity.Accordingly,theelements
of Fjj are

[1

‘o L-xO-x
fjj= J’: * ‘J(y)j-m * c(y)

q(x,y)&+

.

.
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ThequantityAj(Y) mustbe choseninaccordancewiththerelations:

Al(y)= ~c(Y)Cla(Y)

+(Y) = &(Y)c2a(Y)

A7j(Y)= fic(y)cza(y)

A(Y) = ~A1(%Y)C(Y)Cza(Y)

. . . . .

Al’(y)= ~’c’(Y)C#Y)

+ ‘(Y)= a’2c’(y)cza’(Y)
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TABLEI.-DETEFMUWTIONOFNUMBEROFPRIMITIVZCROSS

CORRELATIONSNEEDEDINANALYSIS

Numberofprimitivecrosscorrelationsfor-

Center-of-gravity
accelerationI Wing-root.bendingmoment

N M N M=l M=2 M= 3 M=k..

2 4 2 4 16 36 64
9 36 144

: 16 ? lZ 64 18 256
5 25 5 23 100 273 400
6 36 6 36 144 324 576

.

.
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MEANCHORD7 — RIGIDCONFIGURATION

.

-- .– CONFIGURATION
NORMALMODE

z A

x 4 r
o

— — .-. —— ———

(a) n-plane, left sideview.

z

Y r

(b) yz-ptie,frontview.

Figurel.- Coordinatesystemfordynsmicanalysis.PointA iscenterof
gravityofrigidconfiguration;pointE iscenterofelastictwist;
%(X,Y)= %(Y); Po~t O isaver%ecenter-of-gravitypositionof
rigidconfiguration.
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Figure2.- Comparisonofmesn-squsreliftresponseusingunsteadyand
quasi-steadyaerodynami-ctheory. .
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